The active space approach for coupled-cluster models is generalized using the general active space concept and implemented in a string-based general coupled-cluster code. Particular attention is devoted to the choice of orbitals on which the subspace division is based. Seminatural orbitals are proposed for that purpose. These orbitals are obtained by diagonalizing only the hole-hole and particle-particle block of the one-electron density of a lower-order method. The seminatural orbitals are shown to be a good replacement for complete active space self-consistent field orbitals and avoid the ambiguities with respect to the reference determinant introduced by the latter orbitals. The seminatural orbitals also perform well in excited state calculations, including excited states with strong double excitation contributions, which usually are difficult to describe with standard coupled-cluster methods. A set of vertical excitation energies is obtained and benchmarked against full configuration interaction calculations, and alternative hierarchies of active space coupled-cluster models are proposed. As a simple application the spectroscopic constants of the C 2 B 1 ⌬ g and BЈ 1 ⌺ g + states are calculated using active space coupled-cluster methods and basis sets up to quadruple-zeta quality in connection with extrapolation and additivity schemes.
I. INTRODUCTION
Coupled-cluster ͑CC͒ theory 1,2 offers a hierarchy of sizeextensive approximate solutions to the electronic Schrödinger equation which systematically approach the exact limit within a given one-particle basis expansion. For many molecules the ground state is qualitatively well described by a single electron configuration. In these cases, the CC expansion converges rapidly: Including only perturbative estimates of double replacement excitations ͓as in MP2 ͑Ref. 3͒ or in the CC2 model 4 ͔, already a qualitatively correct description of correlation is achieved. If single and double replacement operators are fully included and, additionally, perturbative estimates of triple replacements are considered ͓e.g., the CCSD͑T͒, 5, 6 CC3, 7 or CCSDT-3 ͑Ref. 8͒ model͔, accurate results are obtained. To obtain very high accuracy, e.g., 1 kJ mol −1 for thermochemical quantities, effects from connected quadruply excited clusters 9,10 must be included for all but the most well behaved cases. [11] [12] [13] [14] [15] This fast convergence, however, is spoiled as soon as near-degeneracy effects are present, i.e., if a different electronic configuration interacts strongly with the reference determinant. Most commonly this situation is met when weak covalent bonds are present, in particular, at the onset of bond cleavage. The presence of near-degenerate configurations leads to large amplitudes of the cluster operators ͑usually double replacement operators͒ that connect the reference determinant with these excited configurations. A perturbative treatment of these excitations will not be sufficient, and additionally, correlation effects for the near-degenerate configurations will become important requiring higher-than-pair clusters in the CC expansion. Actually, weak near degeneracies are quite ubiquitous and it is the description of these that requires the above mentioned quadruple excitations for very high accuracy.
Problems connected with near degeneracies probably occur even more frequently for excited states. In principle, the linear response CC ansatz ͓LR-CC; [16] [17] [18] in the current context equivalent to equation of motion CC ͑EOM-CC͒ ͑Ref.
19͔͒ allows for multiconfigurational excited states, but fast convergence of the CC hierarchy requires that all important configurations are obtained as single excitations from the ground state reference determinant. If the character of the electronic state changes strongly upon excitation, however, doubly excited configurations become important. A perturbation order analysis 20 of LR-CC equations shows that doubly excited contributions to the excitation vector are, at a particular level of the CC hierarchy, one or two orders of perturbation theory less accurate than singly excited contributions, leading to slow convergence of the CC hierarchy for states with large double excitation character. Furthermore, as the equilibrium structures for excited states usually are stretched compared to the ground state, they often refer to geometries where near-degeneracy effects already enter at the ground state calculation, which is the initial step of a LR-CC excited state calculation. From a puristic point of view, the most satisfactory description of near-degenerate wave functions is provided by the extension of CC to multiconfigurational references, and a͒ indeed, significant progress has recently been made into this direction. [21] [22] [23] [24] Besides these "true" multireference CC ͑MR-CC͒ approaches, the ansatz of Oliphant and Adamowicz 25, 26 ͑OA͒ has gained considerable interest, in particular, since efficient coupled-cluster codes for arbitrary excitation levels exist. [27] [28] [29] OA observed that the configuration space spanned by a multireference configuration interaction ͑MR-CI͒ can be parametrized by excitation operators with respect to an arbitrary single reference determinant and used this operator manifold in a coupled-cluster framework. The major drawback of the approach is its noninvariance with respect to the choice of the reference determinant ͑see, for example, Ref.
29͒, at variance with the MR-CI case. This leads to ambiguous results in cases where the reference determinant changes ͑although the error is often smaller than the size-extensivity error of a corresponding MR-CI treatment͒, and to symmetry breaking in case of, for example, the various m s components of triplet states. 29 Yet the method of OA may be successfully applied in cases where one dominant reference determinant exists, but where the presence of energetically low-lying secondary references require the inclusion of selected higher-than-pair clusters. Accepting the fact that the approach is not invariant with respect to the chosen reference determinant, a significant amount of calculation time can be saved as we need not employ the complete single and double excitation manifolds from a complete active space, but may restrict the maximum excitation level to, say, fourfold excitations from a reference determinant, as considered by Piecuch and co-workers in their CCSDt and CCSDtq approaches. 30, 31 In Sec. II, we present a generalization of this approach, where the excitation manifold defining the cluster operator is selected according to restrictions on orbital subspaces. With respect to excited states, only the CCSDt approach has so far been applied to the calculation of vertical excitation energies, 31 Kállay and Gauss have also reported results for the excited state structure of the NH 2 radical, 32 where they restricted the operator manifold to lower levels than formally necessary for a complete active space ͑CAS͒ reference. Thus, more extensive tests of the approach are clearly called for.
The question of which orbitals are best suited for this approach is still not satisfactorily answered. CASSCF orbitals seemed a natural choice when the approach is considered as a MR-CC method. However, CASSCF assumes orbital invariance within the active space, which is not the case for the OA approach. 33 Canonical Hartree-Fock orbitals, on the other hand, are not well suited for selecting active spaces in general; nevertheless, they were used in Refs. 30, 31, and 34, where, in particular, in Ref. 34 decreasing accuracy was reported for larger basis set which was ascribed to the choice of canonical Hartree-Fock orbitals. In Sec. III, a different set of orbitals is proposed, which avoids the drawbacks of both CASSCF and canonical Hartree-Fock orbitals, and the performance of active space selected coupled-cluster methods employing these orbitals is examined for both ground ͑Sec. V͒ and excited state cases ͑Sec. VI͒. In Sec. VI, the application of the method to the description of doubly excited states is explored in more detail. We discuss the construction of the appropriate excitation manifolds and test the dependence of excitation spectra on the size of underlying active spaces. Finally, the convergence of the standard CC hierarchy for the spectroscopic constants of the doubly excited B and BЈ states of C 2 will be compared to a sequence of active space selected models.
II. COUPLED-CLUSTER EXPANSION AND GENERAL ACTIVE SPACES

A. Concepts
The computational models for correlated wave functions considered in this work are based on standard single reference coupled-cluster theory. The correlated wave function is generated by the action of an exponentially parametrized wave operator on a reference determinant ͉0͘,
The full cluster operator T for a system of N e electrons can be written as
where a i is a normal-ordered string of creation and annihilation operators giving an i-fold excitation in the spin-orbital basis and t i is the corresponding amplitude. The included excitations annihilate only electrons in spin-orbitals occupied in the reference determinant ͉0͘ and create only electrons in spin-orbitals unoccupied in ͉0͘. The ground state equations are obtained by the usual projection technique, whereas excited state amplitudes and energies can be obtained from linear response CC theory, [16] [17] [18] which in the case of excitation energies is identical to the EOM-CC approach. 19 The LR-CC formalism emphasizes more strongly the relation between ground and excited state equations, the latter being fully defined if a particular approximation to the ground state model ͑vide infra͒ is chosen.
Using the full cluster operator of Eq. ͑2͒, where the maximum excitation level N e is equal to the number of electrons in the considered system, the results of full configuration interaction ͑FCI͒ calculations are reproduced ͑i.e., the true solution within the underlying finite one-electron orbital basis expansion͒. Approximate coupled-cluster models are usually obtained by truncating the cluster operator after a certain excitation level and-if desired-further approximations in the cluster equations that are guided by arguments from perturbation theory. A strength of coupled-cluster theory lies in the size extensivity of the correlation energy at all levels of approximations.
For the near-degenerate cases mentioned in Sec. I, a sequence of methods that is based only on truncations according to the excitation level from a single reference determinant will not lead to a satisfactory hierarchy. Therefore we have to consider a different approach to generate alternative sequences of methods.
The general active space ͑GAS͒ concept 27 is a generalization of the restricted active space ͑RAS͒ method devised for CI expansions. 35 In connection with coupled-cluster theory, the GAS concept allows the description of complex operator manifolds in terms of restrictions on the minimum and maximum number of creation/annihilation operators acting on orbital subspaces.
As we want to restrict our considerations to single reference coupled-cluster theory and a commuting operator manifold, one reference determinant is selected. The reference determinant divides the orbital space, or more generally, spin-orbital space, into an occupied and an unoccupied ͑vir-tual͒ part. The cluster operator creates holes in the former and electrons ͑particles͒ in the latter. In order to emphasize the hole and particle characters of the subspaces, we will in the following use the abbreviations HS ͑hole space͒ and PS ͑particle space͒ rather than GAS for the orbital subspaces.
The HSs and PSs may now be further subdivided. In the example in Fig. 1 we show the most commonly used subdivision that consists of four orbital subspaces. In addition to the active orbitals of the HSs and PSs, there may be orbitals that are doubly occupied in the coupled-cluster wave function. These inactive orbitals are typically core orbitals. In the following, only the active orbitals are considered.
In the example of Fig. 1 , the HS is divided into two subspaces, denoted HS-1 and HS-2. HS-1 is the internal hole space and typically includes the orbitals that contribute most to nondynamic correlation effects. HS-2 is the external hole space and consists of the remaining active hole orbitals. The PS in Fig. 1 is similarly divided into two subspaces, PS-1 and PS-2. PS-1 is the internal particle space and contains the unoccupied orbitals most important for strong correlation effects, and PS-2 consists of the remaining unoccupied orbitals. Note that the ordering in Fig. 1 has been chosen so that HS-1 and PS-1 are the internal subspaces whereas HS-2 and PS-2 are the external subspaces. In contrast to true multireference treatments, the particle-hole separation in the internal space remains.
The cluster operator manifold may now be defined by setting restrictions on the minimum and maximum accumulated number of holes or particles created in the individual subspaces. To give an example, we again consider the subspace division of Fig. 1 and define the following restrictions: ͑i͒ maximum of two holes after HS-2, ͑ii͒ maximum of four holes after HS-1, ͑iii͒ maximum of two particles after PS-2, and ͑iv͒ maximum of four particles after PS-1.
This defines a cluster operator T in which all single and double excitations are allowed, whereas triple and quadruple excitations are restricted to at most two annihilations or creations in the external subspaces. This model is identical to the CCSDtq model of Piecuch et al. 30 To make the inclusion of at most two external excitations more obvious, we propose the acronym CCSDt 2 q 2 or, even shorter in the spirit of Kállay and Surjan, 36 CC͑4 2 ͒.
B. Notation
The usual notations for the coupled-cluster models are CCSD, CCSDT, CCSDTQ, etc. As mentioned above, Piecuch and co-workers 30, 31 coined the acronyms CCSDt and CCSDtq, which ͑to be more precise͒ should be augmented with the number of allowed external indices giving CCSDt 2 and CCSDt 2 q 2 . However, this nomenclature eventually becomes a bit tedious and we prefer the shorter notation CC͑n͒ introduced by Kállay and Surjan, 36 where n stands for the maximum excitation level included. As a generalization to models with one external space we propose CC͑n m ͒, where m is the maximum number of external indices.
The GAS concept allows for much more complicated subspace divisions and hole/particle restrictions which, however, are not discussed in the present work. Additionally, manifolds generated by different restrictions may be joined to one operator manifold, for example, the one employed in the CCSDtЈqЈ method. 30 It consists of the CCSD amplitude manifold augmented with just the internal triple and quadruple excitations. This excitation manifold may be defined as a combination of the CCSD manifold obtained by allowing at most two holes after both HS-2 and HS-1 and at most two particles after PS-2 and PS-1 and the manifold generated by allowing no holes ͑particles͒ in HS-2 ͑PS-2͒ and at most four holes in HS-1 and four particles in PS-I. As the latter internal excitation manifold may be referred to as "zero external," we may name the method with the acronym CCSDt 0 q 0 or CC͑2,4 0 ͒. Although the second notation seems more awkward, it expresses the fact that some amplitudes that would more strongly couple the two manifolds are left out. In this work, we will discuss the example CC͑1,2 0 ͒. 
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III. SEMINATURAL ORBITALS
The above described partitioning into orbital subspaces relies on an ordering of the orbitals. Obviously, the method will only lead to meaningful results if the ordering reflects the orbitals' importance for correlation. In general, this is not the case for canonical Hartree-Fock orbitals that are ordered according to their orbital energy. Using small basis sets with compact basis functions, valencelike orbitals are usually the energetically lowest-lying virtual orbitals, and indeed, Piecuch et al. 30 report satisfactory results for such basis sets using canonical Hartree-Fock orbitals and ordering by orbital energy. However, as more diffuse functions are added to the basis set, the lowest virtual orbitals assume diffuse character and will be less suited to describe correlation effects. In Sec. V, we show examples for this behavior. The lowest virtual Hartree-Fock orbitals are diffuse as the virtual orbitals describe the N + 1st electron in the effective potential of N electrons.
As an alternative set of orbitals, CASSCF natural orbitals may be considered, and most applications of coupled cluster with selected higher cluster amplitudes use this approach ͑see, for example, Refs. 26-29 and 32͒. As addressed in Sec. I, this choice of orbitals is reasonable when the approach is considered as a MR-CC scheme. There are, however, two drawbacks connected with the use of CASSCF orbitals. Firstly, CAS implies that a full CI is done within the active space, which restricts the size of the active spaces feasible for, for example, a CCSDt 2 calculation. Secondly, CC is not invariant toward particle-hole rotations within the internal space, which is a single active space for CASSCF, but is partitioned into hole and particle space for the CC method under discussion. The final orbitals of a CASSCF calculation are therefore arbitrary within the active space, and the usual choice-natural orbitals-is not necessarily optimal for coupled cluster, as was already pointed out in Ref. 30 . Some numerical examples of this are demonstrated in the subsequent section.
Our aim is instead to obtain a set of orbitals that leaves the Hartree-Fock reference state unchanged and only perform internal rotations in the space of occupied and unoccupied orbitals. To obtain the most important correlating orbitals in PS-1 and those occupied orbitals in HS-1, from where higher excitations should be included, we will use a type of natural orbitals. Approximate natural orbitals and their corresponding occupation numbers can be obtained from diagonalizing the one-particle density D of a low-order correlated method, e.g., MP2 or CCSD. The full diagonalization, however, would lead to mixing of hole and particle orbitals. To avoid this, we propose to diagonalize the particle-particle part and the hole-hole part of the density matrix separately, i.e., we obtain two unitary matrices U h and U p such that
͑4͒
adopting the usual convention that i , j ,..., are occupied ͑i.e., hole͒ indices and a , b ,..., are virtual ͑particle͒ indices. The compound matrix U h U p defines a new set of orbitals which, in analogy to semicanonical orbitals, where only subspaces of the Fock matrix are diagonalized, will be called seminatural orbitals ͑SNOs͒. The occupation numbers n p s can be used to order orbitals according to their importance for correlation effects. After choosing the desired subspaces, unitary invariance within these spaces can be used to diagonalize blocks of the Fock matrix, which is advantageous for preconditioning of the CC equations. It should be noted that in the case of CC density matrices, the symmetrized oneparticle density has to be used to obtain an orthogonal set of orbitals. This corresponds to restricting the CC energy functional to real energies. 37, 38 We note that for MP2, the particle-hole block of the density matrix contains only the orbital relaxation part. As a consequence, the seminatural orbitals are identical to natural orbitals obtained from the unrelaxed MP2 density. Indeed, Klopper et al. 39 considered such orbitals in connection with multiple orbital space and multiple basis set approaches to triples correction in coupled-cluster theory. A similar idea has recently been pursued by Taube and Bartlett 40 ͑denoted "frozen natural orbitals"͒ for CCSD͑T͒ energies in reduced orbital spaces. Another closely related development are optimized virtual orbitals ͑OVOs͒, [41] [42] [43] where the second-order energy of a selected subspace is maximized considering orbital rotations between active and inactive virtual orbitals only.
The use of seminatural orbitals represents a pragmatic, yet useful approach as shown in the next sections to generate orbitals that allow selection of cluster operators. A main advantage is that we converge to the unselected limit as the particle-hole separation of the underlying Hartree-Fock state is left unchanged. Above that the procedure offers a global selection criterion, i.e., it is independent of the chosen active space and circumvents optimization difficulties, connected with weak rotations, in particular, between internal and external particle spaces.
IV. REMARKS ON IMPLEMENTATION
Integrals and SNOs were obtained from a modified version of DALTON. 44 All further calculations were performed with a new approach to coupled-cluster theory with arbitrary excitation levels, as coded in a local version of the LUCIA code. 45 Details of the implementation will be reported elsewhere; we just note that the approach is similar but not identical to the string based general coupled-cluster code of Kál-lay and co-workers. 32, 36 Unfortunately, the code is currently not optimal with respect to active space calculations, as we get increased overhead from too fine fragmentation of matrix multiplications and from routines that otherwise were uncritical and thus not rigorously optimized. Efforts to remove the bottlenecks are under way but currently far from completion. In this respect, the current implementation is of pilot code character, as we are not in the position to use timings and large-scale examples to justify our approach. Still we believe that our sample calculations allow conclusions about the accuracy of the method and thereby about its applicability. The possible computational saving will only be discussed in terms of As the corresponding full model including all n-fold excitations is the CC͑n n ͒ method, the theoretical reduction of the computational effort of CC͑n m ͒ compared to the full model is roughly proportional to ͑V / v͒ n−m ͑O / o͒ n−m . Note, however, that permutational and point-group symmetries will somewhat reduce the factor. Also, an increase of overhead for the truncated models will be unavoidable in practice. Nonetheless, one important message from the above estimate is that the truncated methods will be increasingly efficient for large basis sets.
V. PERFORMANCE OF SNOs IN COMPARISON TO CANONICAL HARTREE-FOCK AND CASSCF NATURAL ORBITALS
In this section, we demonstrate the advantages of seminatural orbitals over both canonical Hartree-Fock orbitals ͑CHFOs͒ and CASSCF natural orbitals. The investigated example is the carbon dimer ͑C 2 ͒ using the bond length r = 2.348a 0 , which is close to the equilibrium bond length. Coupled-cluster correlation energies including connected quadruples ͓usually denoted CCSDTQ; for brevity we will use the notation CC͑4͒, see Sec. II B͔ were calculated using the correlation consistent basis sets of Dunning and co-workers 46, 47 up to quadruple-zeta quality ͑cc-pVXZ, X =D,T,Q͒, see Table I . Using the valence space as the internal orbital spaces with four orbitals in both the internal hole and particle spaces, it was furthermore examined how well CC͑3 2 ͒ and CC͑4 2 ͒ models reproduce the effect of the complete set of triple and quadruple excitation operators.
For the cc-pVDZ basis set, the CC͑3 2 ͒ and CC͑4 2 ͒ models with both SNOs and CHFOs recover more than 90% of the triples and quadruples energy contributions, respectively ͑Table I͒. Already for this basis set, SNOs appear to perform somewhat better than CHFOs, although the difference might be too small to justify the additional complications arising from the use of SNOs. However, if the basis set is extended with diffuse functions, as in the aug-cc-pVDZ basis, the drawback of CHFOs becomes obvious: the low-lying virtual orbitals become too diffuse to describe correlation effects, and only around 70% of the triples and triples plus quadruples energies are obtained. In contrast to that, using the SNOs over 95% of the triples and triples plus quadruples energies are recovered for both the cc-pVDZ and aug-ccpVDZ basis sets.
From the perspective of basis set extrapolations, the behavior of the selected cluster models for increasing basis set quality is even more important than the impact of diffuse functions. The results for cc-pVTZ and cc-pVQZ basis sets in Table I show that again the performance of the SNO based models are rather stable as the percentage of the recovered higher-cluster contributions decreases only slowly for increasing basis set size. The slight decrease is not unexpected, as the models are designed to recover static correlation effects from a limited number of comparatively large triples and quadruples amplitudes, whereas the effect of basis set extension on the strongly basis set dependent three-and fourparticle contributions to the dynamic correlation energy is not included. The accuracy of the CHFO based calculations deteriorates for the larger basis sets, as was also seen in Ref. 34 . In contrast to the full model, a decrease of the triples energy contribution is observed here going from the ccpVTZ to the cc-pVQZ basis set, see Table I , which would lead to a completely wrong extrapolated value.
The above findings can be rationalized from the development of occupation numbers with increasing basis set size, as contrasted with the changes of the orbital energy based ordering in the virtual space spanned by CHFOs, see Fig. 2 . As can be seen on the upper panel of that figure, the SNO occupation numbers evolve very systematically with increasing basis set size, showing a distinct shell structure typical of a small molecule with high symmetry. In particular, for the four orbitals with the highest occupation numbers, all basis sets give nearly identical occupation numbers. This indicates that the active orbitals using the SNO approach span nearly the same space for all basis sets. This is not the case for CHF orbitals: the orbital energies change dramatically as a function of the basis set, and even for the valence region, no stable structure can be seen. TABLE I. Triple and quadruple contributions to the correlation energy of C 2 ͑r = 2.348a 0 ͒ for different basis sets. The energy increment relative to CCSD ͑in mE h ͒ and, for the active space models, the percentage of the energy increment recovered are given in parentheses. The active spaces consist in all cases of four occupied and four virtual orbitals. The acronyms CC͑3͒ and CC͑4͒ are equivalent to CCSDT and CCSDTQ, respectively. We turn now to the question, why CASSCF orbitals may not be the orbitals of choice. As pointed out before, our approach is not considered as an approximation to MR-CC, rather one of its probable main applications will be to approximate full CCSDT ͑=CC͑3͒͒, CCSDTQ ͑=CC͑4͒͒, etc., models. Table II displays the energies for C 2 in the cc-pVTZ basis. Apparently, relatively large deviations occur for the energy of the reference determinant ͑23 mE h , 59 kJ mol −1 ͒. This is somewhat disturbing, as the term correlation energy-otherwise being well defined in single reference coupled-cluster theory-becomes ambiguous if the reference determinant is not the optimized Hartree-Fock state. The orbital dependence is still large for CCSD, where 3 mE h ͑8 kJ mol −1 ͒ difference is found, and becomes one order in magnitude smaller for each CC͑3͒ and CC͑4͒. This means, however, that the apparent effect of triples and/or quadruples ͓i.e., ⌬ E ͑TQ͒ = E͑CC͑4͒͒ − E͑CCSD͔͒ is larger for CASSCF orbitals ͑−37.8 mE h ͒ than it is for Hartree-Fock orbitals ͑−34.9 mE h ͒. Thus estimating ⌬ E ͑TQ͒ from an active space model in the CASSCF basis is somewhat ambiguous. If we compare the percentage of the higher-than-pair cluster contributions recovered in the selected models ͓94.9 of triples with CC͑3 2 ͒ and MP2-SNOs versus 96.0 with CASSCF orbitals, and 93.9 of triples and quadruples with CC͑4 2 ͒ versus 94.8 with CASSCF orbitals͔, we find only a slight advantage of CASSCF orbitals which is certainly overcompensated by the problems discussed above.
VI. TREATMENT OF EXCITED STATES
Our aim is to obtain CC methods with a balanced description of ground and excited states with strong contributions from doubly excited configurations. Two questions need be addressed in this context: Which orbitals are suitable for orbital space partitioning when excited states are considered? How should the active spaces and the selected excitation manifolds be chosen to minimize artifacts in the interaction with higher excited states involving orbitals outside the active space?
As our approach employs the standard CC linear response formalism, the most natural choice will be to use ground state orbitals rather than target state optimized or state-averaged orbitals. So we restrict the first question to the following: Will SNOs from MP2 or CCSD ground state densities give accurate results?
With respect to the second question we recall the perturbation order analysis of LR-CC given in Ref. 20 . The authors show that excitation energies to singly excited states are correct through first order with CCS and become correct through second order as soon as doubles are included ͑CCSD, or perturbatively in the CC2 model 4 ͒. If triples are included, they become correct through third order ͑CC3, i.e., perturbative estimate of triples 7 ͒ or fourth order ͑CCSDT͒. In contrast to that excitation energies of doubly excited states are correct through first order only with CCSD and become correct through second order only with either CC3 or CCSDT. Contributions of perturbative quadruples ͑e.g., in the CC4 model͒ are needed to be correct through third order. So the energies of doubly excited states are more than one order of perturbation theory less accurate than those of single excitation dominated states. The above considerations suggest the following way of constructing selected models. To obtain low-lying singly and doubly excited states in zeroth order, include single and double excitations between the occupied orbitals with lowest occupation numbers ͑included in HS-1͒ and the virtual orbitals with highest occupation numbers ͑included in PS-1͒, i.e., the CC͑2 0 ͒ or CCs 0 d 0 model. Two problems arise from this choice: A significant number of external single excitations, e.g., to orbitals in PS-2, is likely to lie below the lowest double excitations and numerical experience shows that excitation energies from such a pure internal space model are far too high. Both findings are related to the choice of orbitals: These are obtained from ground state densities and partitioned according to their importance for correlation, so the PS-1 orbitals will always be rather compact, whereas diffuse ͑in particular, Rydberg-type͒ orbitals will lie in PS-2. To ensure that a restricted approach like CC͑2 0 ͒ will produce reasonable excitation energies, some kind of state-averaged orbitals would be necessary, which we want to avoid.
To gain the necessary flexibility in the zero-order model, excitations with one external index must be included. This means that the complete singles excitation manifold must be included, which is important as these play the role of orbital relaxation parameters in CC. One might contemplate to include only internal double excitations ͓CC͑1,2 0 ͒ or CCSd 0 ͔, but also this choice turns out to be too restrictive. Numerical tests show that for CC͑1,2 0 ͒ the included double excitations remain nearly decoupled from the single excitation manifold. Obviously one-external doubles need to be included, and indeed, an analysis of CC͑2 1 ͒ ͑or CCSd 1 ͒ excitation vectors of doubly excited states reveals that above the leading doubleexcitation a number of excitations contribute that differ only by one virtual or/and one occupied index. Krylov et al. have considered the same parametrization in their work on excited state theory for optimized orbital coupled-cluster doubles models. 48 If higher order excitations are expected to contribute substantially, one might consider the analogous CC͑n 1 ͒ models. These models are expected to give a balanced description of the lowest excited states up to the first double excitation outside the internal space, with a quality comparable to CCS. As such, the model is far from being quantitative but may be a good starting point for perturbative treatments.
In analogy, if we want to describe all low-lying ͑n −1͒-fold excited states at a level of accuracy comparable to CCSD for singly excited states, we have to turn to twoexternal models CC͑n 2 ͒, and if CCSDT quality is the desired aim, CC͑n 3 ͒ models are to be considered. This way of building an alternative CC hierarchy will be further investigated in Sec. VI B.
A. Vertical excitation spectra: Active space dependence
To investigate how well the SNOs are suited for excited state calculations and how strong the excitation energies depend on the active space, we calculated the lowest 12 excitations of A 1 symmetry for singlet carbene ͑CH 2 ͒, employing the d-aug-cc-pVDZ basis set. 47 The excitation energies were calculated for a sequence of methods ranging from CCS to CCSDT, with the active space coupled-cluster models CC͑2 1 ͒ ͑or CCSd 1 ͒ and CC͑3 2 ͒ ͑or CCSDt 2 ͒ as intermediate models between CCS and CCSD, and CCSD and CCSDT, respectively. Three types of active spaces were used: A space consisting of the six valence orbitals ͑V͒; a larger space with nine virtual orbitals, containing an additional shell of atomic orbitals ͑H 2s and C 3sp͒, called the double-zeta space ͑DZ͒; and an even larger space with 20 virtual orbitals also including H 2p and C 3d called the DZP space. The orbitals were obtained as seminatural MP2 orbitals, and the orbitals in the internal spaces were selected as the occupied orbitals with lowest occupation numbers and the unoccupied orbitals with highest occupation numbers. Figure 3 summarizes the results. For canonical HartreeFock orbitals ͑lower panel͒, the outcome looks very dissatisfactory, in particular, for the CC͑2 1 ͒ model. The excitation energies depend strongly on the chosen active spaces and deviate considerably from the full CCSD result. In particular, the lowest excited states get too low excitation energies in the DZ and DZP spaces. This suggests that no proper zerothorder excitation manifold can be selected using CHFOs. The results obtained using CC͑3 2 ͒ are, in general, in good agreement with the CCSDT model. As all singles and doubles are allowed in the CC͑3 2 ͒ model, the correct zeroth-order manifold is included irrespective of the choice of active space. The convergence with respect to the active space of the triple contributions is still slow, which, in particular, is observed for the lowest excitation energy. Turning to SNOs ͑upper panel of Fig. 3͒ , the following observations can be made with respect to the two questions posed at the beginning of Sec. VI. First, the SNOs are well suited for the description of excited states with active space coupled-cluster models. The two lowest states of which, in particular, the lowest has significant double excitation character are markedly improved upon inclusion of the selected doubles from the V active space ͓going from CCS to CC͑2 1 ͒-V͔ or, respectively, triples ͓going from CCSD to CC͑3 2 ͒-V͔. The active space's influence on the spectrum is very small: Only a small dependence of the excitation energies is found for both approximations, CC͑2 1 ͒ and CC͑3 2 ͒. In fact, already for the small V space, the pattern of the next-higher full method ͑CCSD or CCSDT, respectively͒ is reproduced.
For the two highest-lying states in Fig. 3 ͑upper panel͒, the CC͑2 1 ͒ model shows a slow convergence with respect to the size of the active space. Inspection of the excitation vectors shows that these states are the only states in the sample containing large contributions from double excitations outside the valence space. On the other hand, no active space artifacts are found for the single electron transition dominated excitations that go to orbitals outside the active space. This confirms our conjecture from the previous section that the method is able to describe the lower part of the electronic spectrum, including valence-Rydberg mixings, even if only valence active spaces are employed.
B. Vertical excitation spectra: Extended coupled-cluster hierarchy
To further investigate the performance of the active space models, a small test set of excitations was studied. It consists of 20 singlet excited states of the molecules C 2 , N 2 , H 2 O, and singlet CH 2 . FCI benchmark results for these molecules have been reported previously, 49, 50 and we use the same geometries and basis sets: cc-pVDZ for N 2 , modified aug-cc-pVDZ for C 2 and H 2 O ͑diffuse d functions were dropped͒, and cc-pVDZ with nonstandard diffuse s functions on C ͑exponent for diffuse s: 0.015͒ and H ͑exponent: 0.025͒ for CH 2 . The test set comprises of 14 single excitation dominated states, out of which, in particular, the H 2 O excited states are Rydberg type and six are double excitation dominated states. We include the ⌸ u state of N 2 among the doubly excited states, since its single excitation contribution at the FCI level of 68% is so low that standard CC methods up to CC3 have large errors for this state. 49 The highest B 2 and A 2 states of CH 2 from Ref. 50 were omitted as they are quintet states. The results are summarized in Table III and in graphi-TABLE III . FCI vertical excitation energies ͑in eV͒ for N 2 , C 2 , H 2 O, and CH 2 and deviations of various coupled-cluster models from FCI. All selected models employ CCSD seminatural orbitals. Details of the basis sets are given in the text. cal form in Fig. 4 . We start the discussion with the "classic" hierarchy CCSD-CCSDT-CC͑4͒-CC͑5͒ and consider first the single excitation dominated states, see Instead of improving CCSD by moving to CCSDT, one might consider a different hierarchy using the active space models. Here we consider a partitioning of the orbital space, where the valence orbitals span the internal spaces, i.e., PS-1 and HS-1 as defined in Sec. II. Consider first the CC͑n 2 ͒ models allowing at most two excitations to the external orbitals. The errors of CC͑3 2 ͒ resemble that of CCSDT, see Fig. 4 , with two exceptions: The H 2 O excitations are slightly overestimated by 0.02 eV in CC͑3 2 ͒ instead of an underestimation of −0.03 eV for CCSDT, and the doubly excited CH 2 2 1 B 2 state has a large error of +0.3 eV with CC͑3 2 ͒, whereas CCSDT deviates from FCI by only +0.07 eV. The latter state, which is the highest lying of the states included for CH 2 , possesses a large term from a double excitation to a diffuse orbital which is not included in the active space. The large error therefore remains for CC͑4 2 ͒ and CC͑5 2 ͒. The slight overestimation of the H 2 O excitation energies may be explained along the same lines. It is important to note that the large norm of elements in the excitation vector that belong to double excitations outside the active space may be used as an indicator for problematic cases for the CC͑n 2 ͒ models.
Apart from the CH 2 2 1 B 2 state, CC͑4 2 ͒ performs better than CCSDT, in particular, for the C 2 excited states. It should be kept in mind, however, that the number of amplitudes of CC͑4 2 ͒ for smaller basis sets often are larger than that of CCSDT ͑see below͒. Including internal pentuples in CC͑5 2 ͒ does not lead to any general improvement over CC͑4 2 ͒. To improve the CC͑4 2 ͒ results, it is instead necessary to go to models with three excitations to the external space.
Indeed, CC͑4 3 ͒ reduces the error significantly compared to the CC͑n 2 ͒ models, and similarly as CC͑3 2 ͒ was a viable approximation to full CCSDT, CC͑4 3 ͒ is an accurate approximation to CC͑4͒. At the CC͑4 3 ͒ level, the 2 1 B 2 state of CH 2 is not problematic, with a deviation from FCI of merely 0.01 eV. Moving from CC͑4 3 ͒ to CC͑5 3 ͒ more than halves the average error, as was the case when going from CC͑3 2 ͒ to CC͑4 2 ͒. The largest deviation with CC͑5 3 ͒ for single excitation dominated states is −0.006 eV for H 2 O 1 1 B 2 , and for the double excitation dominated states +0.01 eV for CH 2 2 1 B 2 . In the latter case no improvement on CC͑4 3 ͒ is found as the main double excitation lies outside the active space. For the remaining states the error is below 0.005 eV.
To investigate how the new coupled-cluster models can be arranged to a hierarchy, we plot in Fig. 5 the deviations from FCI versus the number of amplitudes in the cluster operator for the 1 ⌸ u state of N 2 and the 1 ⌬ g state of C 2 . A doubly logarithmic scale is used. In such a plot, a method is considered better the more it lies towards the lower left corner ͑i.e., highest possible accuracy at lowest possible effort, assuming that the effort basically scales linearly with the number of amplitudes, see Sec. IV͒. If a sequence of methods lies on a straight line in such a logarithmic plot, we have an improvement by a constant factor at each level of the hierarchy, which would ease estimates of errors and extrapolation. Table III The standard hierarchy is marked with solid squares in Fig. 5 . In both cases, most pronounced for the C 2 example, a concave curvature is found, indicating that certain important contributions from higher excitations are missing at lower order models. Indeed, in both examples most of the data points associated with active space models lie below the line defined by the standard models. Additionally to the active space models considered above, we have included some oneexternal models, CC͑n 1 ͒, as zero-order models of the possible hierarchies.
FIG. 4. Graphical representation of the results in
One of the new hierarchies is the sequence CC͑2 1 ͒ -CC͑3 2 ͒-CC͑4 3 ͒, referred to as n-1-external hierarchy. The curve made up by these models ͑circles in Fig. 5͒ lies, for both examples, below the standard hierarchy, with nearly the same curvature. This means that these models basically are good approximations to the full models giving comparable accuracy at somewhat lower expense ͑a factor of 2-3 in these cases, as small basis sets are employed͒.
The data points of the sequence CC͑3 1 ͒-CC͑4 2 ͒-CC͑5 3 ͒ ͑the n-2-external series, triangles in Fig. 5͒ lie, in both cases, closer to a straight line than the standard hierarchy does, i.e., in this sense they form an optimal hierarchy. For N 2 , however, the first member CC͑3 1 ͒ lies above the previous hierarchy, and CC͑4 2 ͒ lies on the line connecting the last two models of the previous hierarchy. Thus, no significant improvement over the n-1-external series can be stated for N 2 . For the strongly doubly excited 1 ⌬ g state of C 2 , however, the n-2-external series clearly performs best.
The n-3-external series, finally, made up by the CC͑4 1 ͒, CC͑5 2 ͒, and CC͑6 3 ͒ models ͑diamonds in Fig. 5͒ does not improve over the previous two hierarchies. On the contrary, in both cases, it gives nearly the same accuracy as the corresponding model of the n-2 external series, but with considerably more effort. For N 2 , the n-3-external series even lies above the standard hierarchy.
In conclusion the two examples above suggest that the CC͑3 1 ͒-CC͑4 2 ͒-CC͑5 3 ͒ series is best suited for doubly excited states. CC͑5 3 ͒ can, for both cases, achieve a target accuracy below 0.01 eV ͑1 kJ mol −1 ͒ relative to FCI. High accuracy with respect to experimentally derived spectroscopic values, however, demands further effort, in particular, large basis sets. In the next section we show how to proceed into this direction using active space selected CC models.
C. Spectroscopic constants of the doubly excited B and BЈ states of C 2
In this section, the test of active space models is extended to spectroscopic constants ͑adiabatic excitation energy, equilibrium distance, and harmonic vibrational frequency͒. The chosen molecule is again C 2 as it has considerable static correlation effects, giving rise to large quadruples contributions to the correlation energy. In particular, we examine two low-lying pure doubly excited singlet states, B 1 ⌬ g and BЈ 1 ⌺ g + . Both of these states were examined at the ground state equilibrium geometry in the previous section.
The cc-pVDZ basis set is small enough to enable FCI calculations which can be used to benchmark coupled-cluster calculations with increasing excitation levels, see Table IV . The observed trends are the same as those found for the vertical excitation energies in the previous section. With term values off by more than 2 eV compared to FCI, and harmonic frequencies of 120-150 cm −1 too high, the CCSD model is not able to describe the excited states properly. CCSDT performs better, but, in particular, the adiabatic excitation energy deviates from FCI by 0.33 eV and has not the accuracy usually observed for this highly correlated method. It is only after inclusion of quadruples that the differences from FCI become small. Including also fivefold excitations, the FCI results are accurately reproduced. In conclusion, CC͑4͒ is the lowest model in the usual CC series that leads to satisfactory results for the two states under consideration.
Several active space models were tested next, using SNOs from MP2 and CCSD. The results are listed in Table  V . CC͑2 1 ͒ gives no usable values. The failure of CC͑2 1 ͒ is not unexpected as CCSD did not perform satisfactorily either. Obviously selected triply excited configurations are needed for qualitatively correct results, and indeed, CC͑3 1 ͒ gives reasonable values. For CC͑4 1 ͒ the limit for oneexternal models is reached, as CC͑5 1 ͒ and CC͑6 1 ͒ lead to identical results.
Next, the convergence of the two-external models was tested. The first member, CC͑3 2 ͒, is not an improvement over CC͑3 1 ͒. Obviously, quadruple excitations are essential to obtain a near-quantitative result. Indeed, CC͑4 2 ͒ reproduces quite satisfactorily the CC͑4͒ values, and also the major part of the differences between CC͑4͒ and CC͑5͒ is obtained by comparing CC͑4 2 ͒ and CC͑5 2 ͒. The deviations from the full model are so small that a major error source comes from the orbitals. As can be seen from Table V, using SNOs from CCSD gives noticeable improvements. Deviations of the two-external models from CC͑4͒ and CC͑5͒ are now Ͻ0.04 eV in the energy, Ͻ0.05 pm in the bond distance, and Ͻ2 cm −1 in the harmonic frequency.
The number of wave-function parameters has been reduced from 411 224 for CC͑4͒ to 71 734 for CC͑4 2 ͒, nearly a factor of 6. The reduction from CC͑5͒, 2 707 504 amplitudes, to CC͑5 2 ͒, 155 234 amplitudes, is even a factor of 17. The savings increase for larger basis sets, as pointed out in Sec. IV. Using a cc-pVTZ basis set, the reduction is a factor of nearly 15 between CC͑4͒ and CC͑4 2 ͒, for cc-pVQZ the factor is even Ͼ100. As expected the active space coupledcluster methods cut down the unfavorable scaling that the full models show for increasing basis set size and thus enable us to investigate basis set effects in cases where this is not possible for the full method.
To assess the potential to perform highly accurate calculations on doubly excited states, calculations with larger basis sets were carried out, see Table VI . The first two calculations in this table can be regarded as testing whether the good agreement between CC͑4 2 ͒ and CC͑4͒ observed for the cc-pVDZ basis carries over to larger basis sets. Compared to the cc-pVDZ basis, the errors increase somewhat to Ͻ0.05 eV for the term value, Ͻ0.07 pm for the equilibrium distance, and Ͻ3 cm −1 for the harmonic frequency. As explained in Sec. V for Table I , this is connected to basis set effects for connected triples and quadruples outside the internal space, i.e., purely dynamic correlation. In total, the errors are still small. Therefore, the study was extended by a CC͑4 2 ͒ calculation using a cc-pVQZ basis set. Notable basis set effects are present, in particular, for r e and e . This suggests that a basis set extrapolation should be used to estimate the basis set limit. We follow the procedure of Müller et al. 51 for their MR-CI study on C 2 and use the X −3 -extrapolation scheme of Halkier et al. 52 on the total energy less the ground state Hartree-Fock energy. The Hartree-Fock contribution in the extrapolated limit was approximated by the cc-pVQZ energy. Note that the extrapolation scheme is only well established for the correlation part of the ground state, whereas we here additionally extrapolate excitation energies which still may TABLE V. Calculated spectroscopic constants of the B and BЈ states of C 2 employing active space CC methods. The cc-pVDZ basis was used, the active space models were based on MP2-SNOs ͑unless otherwise noted͒ and a full-valence active space ͑four occupied orbitals, four virtual orbitals͒. 51 It should be noted, however, that the MR-CI manifold is larger: The same active space was employed and no internal contractions were used for generating the CI manifold, so the number of parameters is the same as for a CC͑8 2 ͒ calculation, which is, for C 2 in the cc-pVQZ basis, about three times larger than the CC͑4 2 ͒ manifold.
Method
Differential properties ͑change of bond length and harmonic frequency with respect to ground state͒ are somewhat better reproduced in the MR-CI/MR-AQCC approaches, owing to the fact that all states are treated equally, whereas CC͑4 2 ͒ is somewhat biased towards the ground state. The adiabatic excitation energy from MR-CI underestimates slightly the experimental value and the size-extensivity correction in MR-AQCC increases the size of the underestimation.
The main advantage of CC methods, however, is the existence of a hierarchy that allows systematic improvement. This is much more difficult for CI: The convergence of the CI with the number of ͑external͒ excitations is much slower than for CC ͑see, for example, Ref. 27͒ as it needs to describe disconnected clusters explicitly. The approximately size-consistent MR-AQCC, on the other hand, cannot be improved beyond external doubles, as the correction is defined for this level only. The other possibility is to enlarge the active space ͑which is neither computationally feasible due to the exponential scaling nor is a systematic improvement beyond full valence or perfect-pairing spaces possible͒.
In the following we demonstrate how the hierarchical property of CC can be used to improve the CC͑4 2 ͒ results. We use an incremental approach, similar to those used in high accuracy model chemistry protocols, e.g., Refs. 12 and 13, and start from the basis set extrapolated value for the model lowest in the hierarchy, here CC͑4 2 ͒/͑TQ͒, and add higher-order corrections evaluated with smaller basis sets. Two routes are tested
and
In the first extrapolation scheme, the CC͑4 2 ͒/͑TQ͒ value is first corrected for contributions from external quadruples, evaluated at the cc-pVTZ level, and next for quintuples effects extracted from calculations using the cc-pVDZ basis set. The second route directly corrects for the difference between CC͑5 3 ͒ and CC͑4 2 ͒ calculations in the cc-pVDZ basis. extrapolations with larger basis is needed, which is beyond the scope of this work. However, the present results indicate that highly accurate results can be obtained on the basis of the presented methods.
VII. SUMMARY AND OUTLOOK
We have presented a generalization of the active space coupled-cluster approach using the general active space concept. The occupied and virtual orbital spaces ͑or hole and particle spaces, respectively͒ may thereby be partitioned into an arbitrary number of subspaces on which restrictions for the maximum number of holes or particles, respectively, can be set, which in turn define the cluster operator manifold. For practical purposes we here employ a four-subspace partitioning ͑i.e., dividing hole and particle spaces into internal and external parts͒, which is the simplest model and enables the definition of a sequence of models with n-fold excitations restricted to at most m-fold external indices, abbreviated most conveniently as CC͑n m ͒, where the models CC͑3 2 ͒ and CC͑4 2 ͒ coincide with the CCSDt and CCSDtq models proposed by Piecuch and co-workers. 30, 31 Seminatural orbitals ͑SNOs͒ from MP2 or CCSD calculations have been shown to be a pragmatic, yet rather successful choice for subspace selection techniques, both for ground and excited state calculations. They perform clearly better than canonical Hartree-Fock orbitals, but avoid the ambiguities that arise if CC calculations are based on CASSCF orbitals.
Particular attention was given in this work to excited states, as these are most commonly plagued by effects that spoil the convergence of the usual coupled-cluster hierarchy. Using CH 2 with a diffuse basis set as an example, it is shown that ground state SNOs are well suited for excited state calculations and that the active space dependence is rather small.
A small test set of 20 vertical excitation energies was used to assess the accuracy of the active space models ͑em-ploying valence active spaces͒ in comparison to FCI and the standard CC hierarchy. It was shown that, in particular, for states with strong or pure double excitation character alternative hierarchies as CC͑2 1 ͒-CC͑3 2 ͒-CC͑4 3 ͒ or CC͑3 1 ͒ -CC͑4 2 ͒-CC͑5 3 ͒ converge faster to the FCI limit than the usual CC hierarchy does.
The active space models with basis sets up to cc-pVQZ were finally used to calculate spectroscopic parameters of the B and BЈ states of C 2 , which have a pure double excitation character. The results were compared to the standard CC models and to MR-CI and experimental results. Quadruple excitations were found to be essential for any quantitative description of the states. CC͑4 2 ͒, however, performs nearly as well as full CCSDTQ, and results are of a quality comparable to MR-CI treatments. The potential to use additivity schemes based on the alternative CC hierarchies to further improve the results was investigated.
Provided that the described deficiencies of the current code with respect to active space models can be removed, the additional CC models presented in this paper will be a useful augmentation of the standard hierarchy. They will, in particular, allow to investigate effects of higher order cluster operators when application of the full CC model is prohibitive.
A number of extensions of the active space coupledcluster methods is possible. A perturbation treatment of parts of the cluster operator will be introduced in a subsequent paper. Extension to high-spin open-shell systems has not yet been implemented but is straightforward: SNOs can be generated by separately diagonalizing the occupied, virtual, and open-shell subspace of a MP2 or CCSD total density based on a restricted open-shell Hartree-Fock ͑ROHF͒ determinant or by separately diagonalizing the ␣ and ␤ parts of the density matrix in the unrestricted Hartree-Fock ͑UHF͒ case. The main restriction of the current approach is certainly its confinement to single reference determinants, inhibiting the treatment of general open-shell systems, or bond-breaking processes that change the reference determinant. Future development will aim at improving the ground state description using spin-adapted approaches and/or multireference CC schemes with small model spaces. Excited states may, in general, still preferably be treated with linear response theory and selected higher amplitudes from extended active spaces may be used to extend the flexibility of the wave function.
